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CLUSTER ALGEBRAS OF TYPE D4, TROPICAL PLANES, AND THE POSITIVE
TROPICAL GRASSMANNIAN
SARAH B. BRODSKY⊗, CESAR CEBALLOS⊕, AND JEAN-PHILIPPE LABBE´
Abstract. We show that the number of combinatorial types of clusters of type D4 modulo reflection-
rotation is exactly equal to the number of combinatorial types of tropical planes in TP5. This follows
from a result of Sturmfels and Speyer which classifies these tropical planes into seven combinatorial
classes using a detailed study of the tropical Grassmannian Gr(3, 6). Speyer and Williams show that the
positive part Gr+(3, 6) of this tropical Grassmannian is combinatorially equivalent to a small coarsening
of the cluster fan of type D4. We provide a structural bijection between the rays of Gr
+(3, 6) and the
almost positive roots of type D4 which makes this connection more precise. This bijection allows us
to use the pseudotriangulations model of the cluster algebra of type D4 to describe the equivalence of
“positive” tropical planes in TP5, giving a combinatorial model which characterizes the combinatorial
types of tropical planes using automorphisms of pseudotriangulations of the octogon.
1. Introduction
Cluster algebras are commutative rings generated by a set of cluster variables, which are grouped
into overlapping sets called clusters. They were introduced by S. Fomin and A. Zelevinsky in the series
of papers [FZ02, FZ03a, FZ05, FZ07], and since then have shown fascinating connections with diverse
areas such as Lie theory, representation theory, Poisson geometry, algebraic geometry, combinatorics and
discrete geometry. One important family of examples is the family of cluster algebras of finite type, which
were classified in [FZ03a] using the Cartan–Killing classification for finite crystallographic root systems.
Among them are the cluster algebras of type Dn which are one of the main objects of study in this
paper. We focus on the cluster algebra of type D4 and the combinatorial structures related to its cluster
complex. Cluster complexes are simplicial complexes that encode the mutation graph of the cluster
algebra, i.e., the graph describing how to pass from a cluster to another. They were introduced by Fomin
and Zelevinsky [FZ03b] in connection with their proof of the Zamolodchikov’s periodicity conjecture
for algebraic Y -systems. One remarkable connection of cluster complexes with tropical geometry was
discovered by Speyer and Williams in [SW05]. They study the positive part Gr+(d, n) of the tropical
Grassmannian Gr(d, n), and show that Gr+(2, n) is combinatorially the cluster complex of type An−3,
and that Gr+(3, 6) and Gr+(3, 7) are closely related to the cluster complexes of type D4 and E6. The
tropical Grassmannian Gr(d, n) was first introduced by Speyer and Sturmfels [SS04] as a parametrization
space for tropicalizations of ordinary linear spaces. The tropicalization of an ordinary linear space gives
a tropical linear space in TPn−1 in the sense of Speyer [Spe08, Spe09], but not all tropical linear spaces
are realized in this way in general. In the case Gr(3, 6), all tropical planes in TP5 are realized by the
Grassmannian [SS04]. Speyer and Sturmfels [SS04] explicitly studied all tropical planes in TP5 and found
that there are exactly 7 different combinatorial types. On the other hand, one may also classify clusters of
type D4 up to combinatorial type, from which we deduce that there are exactly 7 different combinatorial
types of clusters modulo reflection and rotation. This leads to two natural questions:
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(1) How are the 7 combinatorial types of tropical planes in TP5 and the 7 combinatorial types of
type D4 clusters related?
(2) Which of the 7 combinatorial types of tropical planes in TP5 are realized in the positive part
Gr+(3, 6) of the tropical Grassmannian Gr(3, 6)?
This paper gives precise answers to these questions. Surprisingly, the 7 combinatorial types of tropical
planes and the 7 combinatorial types of clusters are not bijectively related as one might expect. We
show that only 6 of the 7 combinatorial types of tropical planes are achieved by the positive tropical
Grassmannian Gr+(3, 6), and use the pseudotriangulation model of cluster algebras of typeD4 to compare
them with the combinatorial types of clusters of type D4. In particular, we obtain that
if two pseudotriangulations are related by a sequence of reflections of the octagon pre-
serving the parity of the vertices, and possibly followed by a global exchange of central
chords, then their corresponding tropical planes in TP5 are combinatorially equivalent.
The combinatorial classes of positive tropical planes are then obtained by taking unions of the classes
generated by this finer equivalence on pseudotriangulations.
The outline of the paper is as follows. Section 2 recalls the notion of cluster algebras of type Dn and
their cluster complexes, and shows that the clusters of type D4 are divided into 7 combinatorial classes.
Section 3 recalls the necessary notions in tropical geometry, tropical Grassmannians and their positive
parts, as well as the Speyer–Sturmfels classification of tropical planes in TP5 into 7 combinatorial classes.
In Section 4, we present a precise connection between the cluster complex of type D4 and the positive
part Gr+(3, 6) of the tropical Grassmannian Gr(3, 6). We compute the combinatorial types of tropical
planes in TP5 corresponding to the clusters of type D4 in Section 5. Finally, in Section 6 we describe the
combinatorial types of tropical planes using automorphisms of pseudotriangulations.
Acknowledgements. We are grateful to York University for hosting visits of the first and third
authors. We also thank Hugh Thomas for helpful discussions.
2. Cluster Algebras of type Dn
In this section, we present the cluster algebras of type Dn. Different models exist for these cluster
algebras: in terms of centrally symmetric triangulations of a 2n-gon with bicolored long diagonals [FZ03b,
Section 3.5][FZ03a, Section 12.4], in terms of tagged triangulations of a punctured n-gon [FST08], or
in terms of pseudotriangulations of a 2n-gon with a small disk in the center [CP15b]. We adopt the
last model mentioned to deal with clusters combinatorially. The automorphisms of pseudotriangulations
allow us to define the combinatorial type of a cluster. In this paper, we classify and compare clusters up
these combinatorial types. We refer to the original paper [CP15b] for a more detailed study of cluster
algebras of type Dn in terms of pseudotriangulations, and briefly describe here their model.
Consider a regular convex 2n-gon together with a disk D placed at the center, whose radius is small
enough such that D only intersects the long diagonals of the 2n-gon. We denote by Dn the resulting
configuration. The vertices of Dn are labeled by 0, 1, . . . , n − 1, 0, 1, . . . , n− 1 in counterclockwise di-
rection, such that two vertices p and p are symmetric with respect to the center of the polygon. The
chords of Dn are all the diagonals of the 2n-gon, except the long ones, and all the segments tangent to
the disk D and with one endpoint among the vertices of the 2n-gon; see Figure 1.
Each vertex p is incident to two such chords; we denote by pl (resp. by pr) the chord emanating from p
and tangent on the left (resp. right) to the disk D. We call these chords central.
Cluster variables, clusters, cluster mutations and exchange relations in the cluster algebra of type Dn
can be interpreted geometrically as follows:
(1) Cluster variables correspond to centrally symmetric pairs of (internal) chords of the geometric
configuration Dn, as shown in Figure 1 (left). To simplify notations, we identify a chord δ, its
centrally symmetric copy δ¯, and the pair {δ, δ¯}.
(2) Clusters correspond to centrally symmetric pseudotriangulations of Dn (i.e. maximal centrally
symmetric crossing-free sets of chords of Dn). Each pseudotriangulation of Dn contains ex-
actly 2n chords, and partitions conv(Dn)rD into pseudotriangles (i.e. interiors of simple closed
curves with three convex corners related by three concave chains); see Figure 1.
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Figure 1. The configuration D4 has 16 centrally symmetric pairs of chords (left). A
centrally symmetric pseudotriangulation T of D4 (middle). The centrally symmetric
pseudotriangulation of D4 obtained from T by flipping the centrally symmetric pair of
chords {2l, 2l} (right).
(3) Cluster mutations correspond to flips of centrally symmetric pairs of chords between centrally
symmetric pseudotriangulations of Dn. A flip in a pseudotriangulation T replaces an internal
chord e by the unique other internal chord f such that (T r e)∪ f is again a pseudotriangulation
of T . More precisely, deleting e in T merges the two pseudotriangles of T incident to e into a
pseudoquadrangle (i.e. the interior of a simple closed curve with four convex corners related by
four concave chains), and adding f splits the pseudoquadrangle into two new pseudotriangles.
The chords e and f are the two unique chords which lie both in the interior of and on a
geodesic between two opposite corners of .
(4) As in type A, the exchange relations between cluster variables during a cluster mutation can be
understood in the geometric picture. This is illustrated for all different kinds of flips in Figure 2.
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Figure 2. Different kinds of flips and exchange relations in type Dn
2.1. The cluster complex of type D4. The cluster complex of type Dn can also be described from
the geometric model presented in [CP15b]. We recall this description in the particular case of cluster
algebras of type D4. Let {τ1, τ2, τ3, τ4} be the set of simple generators of the Coxeter group of type D4
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according to the labeling of the Dynkin diagram in Figure 3, and let ∆ = {α1, α2, α3, α4} be the set of
simple roots of the corresponding root system. We denote by Φ = Φ+ unionsq Φ− the set of roots partitioned
into positive and negative roots, and by Φ≥−1 = −∆ unionsq Φ+ the set of almost positive roots.
τ2
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τ3
τ4
Figure 3. The Dynkin diagram of type D4
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Figure 4. The snake pseudotriangulation T0 (left), its corresponding quiver of
type D4 (middle), Snake chords labeled with the negative simple roots (right)
Let T0 = {0l, 0r, 03, 13} be the “snake pseudotriangulation” illustrated in Figure 4. We label its
centrally symmetric pairs of chords with the negative simple roots {−α1,−α2,−α3,−α4} as shown, and
identify any other chord δ with the positive root obtained by adding the simple roots associated to the
chords of T0 crossed by δ. This determines a bijection between the set of almost positive roots and the set
of chords in the geometric configuration. The cluster complex is the simplicial complex whose maximal
simplices are the sets of almost positive roots corresponding to pseudotriangulations.
Example 2.1. For instance, the chord 12 corresponds to the positive root α1 + 2α2 + α3 + α4 since it
crosses two chords of T0 with label α2 and one chord for each label α1, α3 and α4. The cluster associated to
the pseudotriangulation T = {1l, 2l, 02, 12} is {α2+α4, α1+α2+α4, α1+α2, α1+2α2+α3+α4}. To lighten
the notation, sometimes we write αI for the positive root αI =
∑
i∈I αi where I is a multi-set with possible
repeated subindices. With this notation, the cluster corresponding to T is {α24, α124, α12, α12234}. The
correspondence between all chords and the positive roots is illustrated in Figure 7 (right) on page 10,
and explicitly presented in Figure 9 on page 11.
2.2. Combinatorial types of clusters of type D4. The cluster algebra of type Dn induces a natural
rotation operation, denoted by τ , on clusters, see e.g. [CP15a, Section 2.2]. In the pseudotriangulation
model, the action of τ corresponds to counterclockwise rotation by pi/n, and exchanging pl with pr,
see [CP15b]. For instance, the chord 03 in Figure 4 is rotated to 10, while 0r is rotated to 1l.
Definition 2.2. We say that two pseudotriangulations T1 and T2 are combinatorially equivalent modulo
reflections and τ -rotations if there exists a sequence of reflections of the 2n-gon and τ -rotations trans-
forming T1 into T2. Further, we say that two clusters of type Dn are combinatorially equivalent if their
corresponding pseudotriangulations are combinatorially equivalent modulo reflections and τ -rotations.
Proposition 2.3. There are exactly 7 combinatorial types of clusters of type D4 modulo reflections
and τ -rotations.
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Figure 5. The seven combinatorial types of pseudotriangulations (or clusters) of
type D4 modulo reflections and σ-swap. The 50 pseudotriangulations are labeled with
the numbers from 0 to 49 at the center of the disk. Each pair of chords in a pseudotri-
angulation is labeled with the pseudotriangulation obtained when flipping it.
Proof. The type D4 rotation τ exchanges p
l and pr after usual rotation by pi4 . Applying two reflections we
also obtain usual rotation without this special rule. Combining D4 rotation and reflections we can then
obtain an operation that preserves the non-central chords and exchanges pl and pr. After an analysis of
the 50 pseudotriangulations modulo these four operations (D4 rotation, usual rotation, reflection, and
exchange of central chords) we classify them into 7 combinatorial classes in Figure 5. 
Using the fact that there are 7 combinatorial types of tropical planes in TP5 [SS04] we obtain:
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Corollary 2.4. The number of combinatorial types of clusters of type D4 is equal to the number of
combinatorial types of tropical planes in TP5.
We emphasize this as a corollary as it is our main motivation for establishing a relationship between
tropical planes in TP5 and clusters of type D4. Before making a precise connection between clusters of
type D4 and tropical planes in TP5, we recall some preliminaries in tropical geometry.
3. Tropical Varieties and their Positive Part
The min-plus, or tropical, semiring T := (R ∪ {−∞},⊕,) is defined with the following operations:
x⊕ y = min{x, y} and x y = x+ y,
where the zero element is ∞ and the one element is 0. A tropical monomial is an expression of the form
cxa11 · · ·xann and a tropical polynomial is a finite tropical sum of tropical monomials. Equivalently,
a tropical polynomial is a piecewise linear concave function given as the minimum of finitely many linear
functions of the form
(x1, ..., xn) 7→ a1x1 + ...+ anxn + c.
A tropical hypersurface T (f) is the set of all points x¯ = (x1, ..., xn) in Rn such that the tropical polyno-
mial f is not linear at x¯; i.e. T (f) is the set of points x¯ at which the minimum of the values attained by
the linear functions defining f is attained by at least two of the linear functions defining f .
The tropical objects defined above are inherently tropical, in the sense that they are defined over T.
It is also possible to consider “classical” algebraic objects over a fixed field K and construct their tropical
analogues via a nonarchimedean valuation.
Let us consider the field K := C{{t}} = {∑αrtr/n : αr ∈ C, r ∈ Z, n ∈ Z+} of Puiseux series over C.
The field K is of characteristic 0 and is algebraically closed. Our field K has a natural nonarchimedean
valuation val : K → T sending 0 to −∞ and, for a(t) 6= 0, sending a(t) 7→ min{ rn : αr 6= 0}. Note
that this valuation extends naturally to a valuation Val : Kn → Tn on Kn via coordinatewise evaluation:
(a1(t), ..., an(t)) 7→ (val(a1(t)), . . . , val(an(t)). Let us consider the polynomial
f =
k∑
i=1
ai(t)x
bi1
1 · · ·xb
i
n
n ∈ K[t1, ..., tn].
We then define the tropicalization of f , obtained by replacing + with ⊕, · with , and all coefficients
with their valuation. There is also a notion of tropical projective space,
TPn := Tn+1\{(∞, ...,∞)},
which is defined by the equivalence relation v ∼ v + λ(1, ..., 1). In other words, TPn is equal to
(Tn+1\{(∞, ...,∞)})/(1, ..., 1). We then have that the coordinate system (x1, ..., xn+1) on Tn+1 induces
a tropical homogeneous coordinate system [x1 : ... : xn+1] on TPn given by the natural embedding,
Rn → TPn+1, (x1, ..., xn) 7→ [x1 : ... : xn : 0].
Picking a w ∈ Rn, the w-weight of a term ai(t)xb
i
1
1 · · ·xb
i
n
n of the polynomial f is equal to the dot
product 〈val(ai(t)) +w, b¯〉, where b¯ = (bi1, ..., bin). We then define inw(f) to be the polynomial consisting
of the sum of the terms of f with the largest w-weight. A tropical hypersurface can then be defined as
T (f) := {w ∈ Rn : inw(f) is not a monomial}.
It is straightforward to check that the “inherently tropical” definition of a tropical hypersurface given at
the beginning of this section is equivalent to the one directly above. A root of a tropical polynomial f
in n variables x1, ..., xn is a point (b1, ..., bn) ∈ Rn such that the value f(b1, ..., bn), is attained by least
two of the linear functions defining f .
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A finite intersection of tropical hypersurfaces is called a tropical prevariety. Given an ideal I ∈
K[t1, ..., tn] and w ∈ Rn, we define the tropical variety T (I) to be the intersection of tropical hypersurfaces
T (I) :=
⋂
f∈I
T (f)
along with a weight function Ωw : K[x1, ...xn]→ R, sending
ai(t)x
bi1
1 · · ·xb
i
n
n 7→ 〈val(ai(t)) + w, b¯〉
for each monomial of a polynomial f =
∑k
i=1 ai(t)x
bi1
1 · · ·xb
i
n
n ∈ I, where b¯ = (bi1, ..., bin). Equivalently,
the tropical variety T (I) can be defined as
T (I) := {w ∈ Rn : inw(I) has no monomials},
where inw(I) is the ideal generated by the set {inw(f) : f ∈ I}. It is important for us to note that if we
have a variety V (I), we can consider the closure of the image of V (I) under the map
trop : Kn → Rn, x 7→ val(x)
and that we get T (I) = trop(V (I)).
3.1. The positive part of a tropical variety. Now that we have some idea as to what a tropical
variety is, we can define the positive part of a tropical variety. The positive part of a tropical variety
T (I) is defined to be
T +(I) := trop(V (I) ∩ (K+)n),
where K+ := {α(t) ∈ K : the coefficient of the lowest term of α(t) is real and positive}. The following
theorems are useful to uncover the positive part of a tropical variety:
Theorem 3.1 (Speyer and Williams [SW05]). A point w = (w1, ..., wn) lies in T +(I) if and only if
inw(I) does not contain any nonzero polynomials in K+[t1, ..., tn].
Theorem 3.2 (Speyer and Williams [SW05]). An ideal I of K[t1, ..., tn] contains a nonzero element of
K+[t1, ..., tn] if and only if (K+)n ∩ V (inw(I)) = ∅, for all w ∈ Kn.
In practice, the positive part of a tropical variety can be uncovered by identifying each domain of
linearity with the sign of its defining monomial and taking the components of the tropical variety which
separate regions of different signs to be the positive part. Let us see what this means through an example:
Example 3.3. Let us consider the polynomial 1− x− y + txy = 0. Its tropicalization
f = min{0, x, y, x+ y − 1}
can be represented as a partition of the plane into polygonal regions, as illustrated in Figure 6. We want
to find solutions in K+ to 1 − x − y + txy = 0 and take the closure of the tropicalization of this to get
the positive part. Say (x, y) = (a0t
b0 + · · · , c0td0 + · · · ) is such a solution, where a0 and c0 are the lowest
terms. We then have that
1− (a0tb0 + · · · )− (c0td0 + · · · ) + t−1(a0tb0 + · · · )(c0td0 + · · · ) = 0,
and we can see that the only terms which have even the possibility of cancelling each other out are terms
with different signs (as a0 and c0 are real and positive). So the positive part of our tropical variety is
composed of the components of our tropical variety separating linear regions defined by monomials of
different signs, as seen in Figure 6.
We can then see that finding the positive part of a tropical variety by identifying linear regions with
the sign of their defining linear term works as a method for finding the positive part of a tropical variety
in general, meaning that the positive part of a tropical variety recaptures the sign of each monomial,
which is initially lost through the tropicalization process.
For this example specifically, we can identify the region in which f is equal to x + y − 1 with a “+”
sign, since the sign of txy is “+”. Similarly, we identify the region in which f is equal to x and the region
in which f is equal to y with “−” signs and the region in which f is 0 with a “+”. The positive part is
the subset of our tropical variety below defined by the components in bold as opposed to dashed.
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Figure 6. The tropical variety defined by f = min{0, x, y, x + y − 1} on the left, and
its positive part on the right
3.2. The Dressian. As discussed in [Spe08], a tropical linear space is a tropical variety T (I) given by
an ideal of the form
I = 〈ai1x1 + ai2x2 + · · ·+ ainxn : i = 1, 2, ..., n− d〉,
where the aij are the entries of any (n − d) × n-matrix of rank n − d with entries in K[t1, ..., tn]. The
ideal I can be rewritten in terms of a vector in R(
n
d) whose entries are the Plu¨cker coordinates
pi1i2···id := (−1)i1+i2+···+id · det

a1,j1 a1,j2 · · · a1,jn−d
a2,j1 a2,j2 · · · a2,jn−d
...
...
. . .
...
an−d,j1 an−d,j2 · · · an−d,jn−d
 ,
where i1 < · · · < id, j1 < · · · < in−d and {i1, ..., id, j1, ..., jn−d} = {1, ..., n}. Explicitly, we have
I = 〈
d∑
r=0
(−1)r · pi0i1···iˆr···id · xir : for all 1 ≤ i0 ≤ i1 < · · · < ir ≤ n〉.
Speyer gives the details on how to derive I in terms of Plu¨cker coordinates in [Spe08]. The Dressian
Dr(d, n) is the tropical prevariety which parametrizes (d − 1)-dimensional tropical linear spaces, and is
more explicitly the tropical prevariety consisting of the intersection of the tropical hypersurfaces given
by all 3-term Plu¨cker relations. The Dressian can also be defined as the polyhedral fan of those regular
subdivisions of the (d,n)-hypersimplex which have the property that each cell is a matroid polytope
[HJS12]. More specifically, let e1, ..., en be the standard basis vectors for Rn and let eX :=
∑
i∈X ei
for any subset X ⊆ [n]. Given a matroid X ⊆ ([n]d ), we define its matroid polytope to be the polytope
PX := conv{ex : x ∈ X}. The (d, n)-hypersimplex 4(d, n) in Rn is defined as 4(d, n) := P([n]d ). A matroid
subdivision of a polytope P is a polytopal subdivision of P such that each of its cells is a matroid polytope.
A weight vector λ on an polytope P assigns a real number to each vertex of P . A given weight vector λ
induces a polytopal subdivision of a polytope P by considering the set conv{(v, λ(v)) : v vertex of P} in
Rn+1 and projecting the lower (or upper) envelope to the hyperplane (Rn, 0); a polytopal subdivision of
this kind is called a regular polytopal subdivision. The Dressian is shown in [HJS12] to be a subfan of
the secondary fan of 4(d, n):
Proposition 3.4. (Herrmann, Jensen, Joswig, and Sturmfels [HJJS09, Proposition 3.1]) A weight vector
λ ∈ R([n]d ) lies in the Dressian Dr(d, n), seen as a fan, if and only if it induces a matroid subdivision of
the hypersimplex 4(d, n).
It is pointed out in [HJJS09] that the three term Plu¨cker relations define a natural Plu¨cker fan struc-
ture on the Dressian: two weight vectors λ and λ′ are in the same cone if they specify the same initial
form for each 3-term Plu¨cker relation.
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Remark 3.5. Tropical Plu¨cker vectors (i.e. vectors of tropicalizations of Plu¨cker coordinates) can be
viewed as valuated matroids [HJJS09, Remark 2.4]. A valuated matroid of rank d on a set [n] is a map
pi : [n]d → R ∪ {∞} such that
(1) pi(ω) is independent of the ordering of the sequence vector ω,
(2) pi(ω) =∞ if an element occurs twice in ω,
(3) for every (d− 1)-subset σ and every (d+ 1)-subset τ = {τ1, τ2, ..., τd+1} of [n] the minimum of
pi(σ ∪ {τi}) + pi(τ\{τi}) for 1 ≤ i ≤ d+ 1
is attained at least twice.
Tropical planes are dual to regular matroid subdivisions of the hypersimplex 4(3, n), thus giving us
another way to view Dr(3, n): The parameter space of tropical planes. A tropical plane Lp in TPn−1, for
some p ∈ Dr(3, n), is the intersection of the tropical hyperplanes⋂
{i,j,k,l}∈([n]4 )
T (pijkxl + pijlxk + piklxj + pjklxi),
where the Plu¨cker coefficients appearing in pijkxl+pijlxk+piklxj+pjklxi are entries of p lexicographically
indexed by the order i < j < k < l.
Just as planes in projective space Pn−1 correspond to arrangements of n lines in P2, tropical planes in
TPn−1 correspond to arrangements of n tropical lines in TP2. A tropical line in TPn−1 is an embedded
metric tree which is balanced and has n unbounded edges pointing in the coordinate directions. Thus,
we can use arrangements of trees to represent matroid subdivisions of 4(3, n). We say trees, and not
metric trees due to the following result:
Proposition 3.6. (Herrmann, Jensen, Joswig, and Sturmfels [HJJS09, Proposition 4.1]) Each metric
tree arrangement gives rise to an abstract tree arrangement by ignoring the edge lengths.
We then have that:
Lemma 3.7. (Herrmann, Jensen, Joswig, and Sturmfels [HJJS09, Lemma 4.2]) Each matroid subdivision
Σ of 4(3, n) defines an abstract arrangement T (Σ) of n trees. Moreover, if Σ is regular then T (Σ)
supports a metric tree arrangement.
For a definition of abstract tree arrangement, we refer the reader to [HJJS09, Section 4]. The bijection
between tropical planes and arrangements of metric trees is studied in great detail in [HJJS09], with
their main theorem being:
Theorem 3.8. (Herrmann, Jensen, Joswig, and Sturmfels [HJJS09, Theorem 4.4]) The equivalence
classes of arrangements of n metric trees are in bijection with regular matroid subdivision of the hy-
persimplex 4(3, n). Moreover, the secondary fan structure on Dr(3, n) coincides with the Plu¨cker fan
structure.
3.3. The tropical Grassmannian and its positive part. The tropical Grassmannian Gr(d, n) is a
tropical variety which is a subset of the Dressian Dr(d, n). As fans, the Grassmannian and the Dressian
have the same n-dimensional lineality space and thus can be viewed as pointed fans in R(
n
d)−n, one sitting
inside of the other. Explicitly, the tropical Grassmannian is T (Id,n), where Id,n Plu¨cker ideal; i.e. the
ideal generated by the Plu¨cker relations.
The tropical Grassmannian was first studied in Speyer and Sturmfels [SS04] and its positive part was
then studied in Speyer and Williams [SW05]. Speyer and Williams lay out the first steps in studying
the positive part of a tropical variety and explicitly outline a way of parametrizing the positive part
Gr+(d, n) of Gr(d, n) using a particular kind of directed graph Webd,n, which is a special case of the
L-diagrams of Postnikov [Pos06]. The short story of their parametrization is that they develop a bijection
Φ2 from (R+)(d−1)(n−d−1) to the real, positive points of the Grassmannian (modulo its lineality space)
using Webd,n. They tropicalize this map to get a surjection from R(d−1)(n−d−1) to the positive part
of the tropical Grassmannian (modulo its lineality space). Then they define a complete fan Fd,n in
R(d−1)(n−d−1) whose maximal cones are the domains of linearity of the tropicalization of Φ2.
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For Gr+(2, n), Speyer and Williams [SW05] show that their fan F2,n is equal to the Stanley–Pitman
fan Fn−3 of [SP02], which is combinatorially isomorphic to the cluster complex of type An−3. They
also show that the tropical Grassmannians Gr+(3, 6) and Gr+(3, 7) are closely related to the cluster
complexes of type D4 and E6 respectively. The connection between Gr
+(3, 6) and the cluster complex
of type D4 will be made precise below.
4. Connecting the cluster complex of type D4 to Gr
+(3, 6)
In [SW05, Proposition 6.1], Speyer and Williams provide an explicit computation of the fan F3,6
associated to the tropical Grassmannian Gr+(3, 6), together with inequalities defining a polytope that F3,6
is normal to. They computed the f -vector (16, 66, 98, 48) of F3,6 and noticed that it is very close to the
f -vector (16, 66, 100, 50) of the cluster complex of type D4. They found that F3,6 has two cones which
are of the form of a cone over a bipyramid, and stated that when subdividing these two bipyramids into
two tetrahedra each, one gets a fan that is combinatorially isomorphic to the cluster complex of type D4.
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r14 r6
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r8 r4
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r1
r13
α3 α1 α4
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α23 α12 α24
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−α3 −α1 −α4
−α2
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α12
α24
α2
−α3
−α1−α4
−α2
Figure 7. Speyer–Williams fan F3,6 (part 1) and the bijection between its rays, almost
positive roots, and centrally symmetric pairs of chords in the geometric model
In this section, we make this connection more precise by providing an explicit bijection between the
rays of F3,6 and the almost positive roots of type D4. The cones of the fan correspond to clusters, with
the exception of the two cones over a bipyramid, which correspond to two clusters each, glued together
on their common face.
The fan F3,6 is a 4-dimensional fan whose intersection with a 3-sphere is illustrated in Figure 7 (left)
and Figure 8. Each of the figures is a solid torus, and the two figures glue together to form a 3-sphere. The
two bipyramids have vertices {r1, r5, r7, r11, r13} and {r4, r8, r10, r15, r16}. These figures are reproduced
from Speyer and Williams original figures [SW05, Figures 7 and 8]. In addition, we include part of the
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Figure 8. Speyer–Williams fan F3,6 (part 2)
Auslander–Reiten quiver of type D4, formed by repeating 4 copies of a bipartite quiver of type D4. The
16 vertices of this “repetition quiver” are labelled by the 16 almost positive roots as shown in Figure 7
(middle). We also include the corresponding 16 pairs of chords in the geometric model in Figure 7 (right).
The labeling with almost positive roots in Figure 7 (middle) can be explained in two different ways.
The first, and perhaps more intuitive one, assigns the negative simple roots to the vertices of the first
copy of the D4 quiver on the top, and the other labels are determined by rotation. Rotation sends a
vertex in a copy of a D4 quiver to the same vertex in the next copy directly below, if any. The last
copy of the D4 quiver in the bottom is rotated to the first copy on the top. The rotation on almost
positive roots is the one induced by rotation of chords in the geometric model. Recall that this is given by
counterclockwise rotation by pi/4 together with the special rule of exchanging central chords pr and pl.
A chord δ not in the initial snake is labeled by the positive root obtained by adding the simple roots
corresponding to the chords of the snake that are crossed by δ. Figure 7 (right) illustrates this rotation
process together with the root labeling of the chords. Note that rotating one more time the chords in the
bottom picture recovers back the initial snake triangulation. The second explanation of the labeling by
almost positive roots can be done in terms of inversions of a word P = τ2τ1τ3τ4|τ2τ1τ3τ4|τ2τ1τ3τ4. The
word P is a reduced expression for the longest element of the Coxeter group and its inversions give all
positive roots. Moreover, it consists of three copies of τ2τ1τ3τ4, and its letters are in correspondence with
the vertices of the last three copies of the bipartite quiver of type D4 in Figure 7 (middle). The labeling
assigns to the vertices of these last three copies the inversions of P , and to the vertices of the first copy of
the D4 quiver the negative simple roots. This second explanation is based in work on subword complexes
in [CLS14], we refer to [CP15a, Section 2.2] for a concise and more detailed presentation.
Let Ψ be the bijection from the rays of Speyer–Williams fan F3,6 and almost positive roots given in
Figure 9 (left and middle).
Rays of F3,6 ←→ Φ≥−1 of type D4 ←→ Chords
r1 = (0, 0, 1, 0) ←→ −α1 ←→ 13
r2 = (0, 0,−1, 0) ←→ α1 + α2 ←→ 02¯
r3 = (1, 0, 0, 0) ←→ α3 ←→ 3r
r4 = (1, 0,−1, 0) ←→ α1 + α2 + α3 ←→ 2r
r5 = (−1, 0, 0, 0) ←→ −α3 ←→ 0l
r6 = (0, 0, 0, 1) ←→ α2 + α3 ←→ 1r
r7 = (−1, 0, 0, 1) ←→ α2 ←→ 01¯
r8 = (0, 0, 0,−1) ←→ α1 + α2 + α4 ←→ 2l
Rays of F3,6 ←→ Φ≥−1 of type D4 ←→ Chords
r9 = (0, 0, 1,−1) ←→ α4 ←→ 3l
r10 = (1, 0, 0,−1) ←→ α1 + α2 + α3 + α4 ←→ 23¯
r11 = (0, 1, 0, 0) ←→ −α4 ←→ 0r
r12 = (0, 1, 0,−1) ←→ α1 ←→ 02
r13 = (0, 1, 1,−1) ←→ −α2 ←→ 03
r14 = (0,−1, 0, 0) ←→ α2 + α4 ←→ 1l
r15 = (1,−1, 0, 0) ←→ α2 + α3 + α4 ←→ 13¯
r16 = (1,−1,−1, 0) ←→ α1 + 2α2 + α3 + α4 ←→ 12¯
Figure 9. A bijection from the rays of F3,6 to the almost positive roots of type D4 and
to centrally symmetric pairs of chords in the geometric model
This bijection sends the vertices of the four bold D4 quiver in Figure 7 (left) to the vertices of the
four D4 quivers in Figure 7 (middle), and exchanges the two external vertices of the second and fourth
quiver as shown. Note that this special rule is similar to the rule of exchanging the corresponding central
chords when rotating. The induced bijection between rays of the fan and centrally symmetric pairs of
chords in the geometric model is illustrated in Figure 10.
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Figure 10. Bijection between rays of the fan F36 and centrally symmetric pairs of
chords in geometric model
Theorem 4.1. Under the bijection Ψ, the cones of the fan F3,6 correspond to clusters of type D4, with
the exception that the two cones over a bipyramid correspond to two clusters each, that are glued together
on their common face:
0 1
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3
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3
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2
3
0 1
2
3
01
2
3
{r1, r5, r7, r11, r13} {r4, r8, r10, r15, r16}
Proof. The proof of this result uses the description of cluster complexes in terms of the compatibility
degrees of Fomin and Zelevinsky in [FZ03b, Section 3]. The compatibility degree is a map
Φ≥−1 × Φ≥−1 −→ Z
(α, β) 7−→ (α ||β)
characterized by the two properties:
(−αi ||β) = bi, for all i ∈ [n] and β =
∑
biαi ∈ Φ≥−1,(1)
(α ||β) = (τα || τβ), for all α, β ∈ Φ≥−1,(2)
where τ is the rotation operation on almost positive roots defined in Section 2.2. Two almost positive
roots are said to be compatible if and only if their compatibility degree is zero. The cluster complex
is the simplicial complex whose faces are sets of pairwise compatible roots. This complex is completely
determined by its edges (1-dimensional simplices), and so it suffices to show that the edges in Figure 7
(left) and Figure 8 correspond exactly to the compatible pairs of almost positive roots under the map Ψ.
This can be checked by inspection for the pairs involving a negative simple root, and by rotating the figures
to obtain all other pairs. For instance, −α1 is compatible with −α2,−α3,−α4, α2, α23, α24, α234, α3,
and α4, while r1 = Ψ
−1(−α1) forms edges with the corresponding rays r13, r5, r11, r7, r6, r14, r15, r3, and
r9. The pairs of compatible roots that do not appear as edges in Figure 7 (left) but do (in bold) in
Figure 8 are:
(−α1, α234) (−α3, α124) (−α4, α123) (α12, α1) (α23, α3) (α24, α4)
(r1, r15) (r5, r8) (r11, r4) (r2, r12) (r6, r3) (r14, r9)
Taking the click complex of the compatibility relation finishes the proof. 
5. Tropical Computations
In this section, we compute the fan F3,6 of Speyer and Williams [SW05] and analyze which tropical
planes in TP5 are realized by Gr+(3, 6). We follow suit and compute F3,6 in the same fashion as Speyer
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Figure 11. The labeling of the web diagram Web3,6
and Williams would in [SW05]. First we draw the web diagram Web3,6 and label its interior regions as
shown in Figure 11. This is the labeling used by Speyer and Williams in their computations.
The fan F3,6 is the complete fan in R4 whose maximal cones are the domains of linearity of the
piecewise linear map
Trop Φ2 : R4 → Gr+(3, 6)/(Tropφ)(R6),
where Tropφ is the map sending (a1, ..., a6) to the
(
6
3
)
-vector whose (i1, i2, i3)-coordinate is ai1 +ai2 +ai3 ;
its image is the common lineality space of all cones in Gr+(3, 6). The map Trop Φ2 is defined by the
tropicalization of the maximal minors of the 3× 6 matrix A3,6, whose entries are given by
aij = (−1)i+1
∑
p
Prodp,
where we are summing over all paths p from i to j in Web3,6, and Prodp is the product of all the variables
xi appearing below a given path p. Specifically, the matrix we get is
A3,6 =
 1 0 0 1 x1x2 + x1 + 1 x1x2x3x4 + x1x2x3 + x1x3 + x1x2 + x1 + 10 −1 0 −1 −(x1 + 1) −(x1x3 + x1 + 1)
0 0 1 1 1 1
 .
The tropicalization of the maximal minors Pijk of A3,6 are the following:
P123 = 0 P234 = 0
P124 = 0 P235 = min{0, x1, x1 + x2}
P125 = 0 P236 = min{0, x1, x1 + x2, x1 + x3, x1 + x2 + x3, x1 + x2 + x3 + x4}
P126 = 0 P245 = min{x1, x1 + x2}
P134 = 0 P246 = min{x1, x1 + x2, x1 + x3, x1 + x2 + x3, x1 + x2 + x3 + x4}
P135 = min{0, x1} P256 = min{x1 + x3, x1 + x2 + x3, x1 + x2 + x3 + x4}
P136 = min{0, x1, x1 + x3} P345 = x1 + x2
P145 = x1 P346 = min{x1 + x2, x1 + x2 + x3, x1 + x2 + x3 + x4}
P146 = min{x1, x1 + x3} P356 = min{x1 + x2 + x3, x1 + x2 + x3 + x4, 2x1 + x2 + x3 + x4}
P156 = x1 + x3 P456 = 2x1 + x2 + x3 + x4
We then have that each Pijk gives rise to a fan F (Pijk), and the simultaneous refinement of all of
these fans is F3,6. We compute this refinement using Sage [S
+15] and get the rays:
r1 = (0, 0, 1, 0) r5 = (−1, 0, 0, 0) r9 = (0, 0, 1,−1) r13 = (0, 1, 1,−1)
r2 = (0, 0,−1, 0) r6 = (0, 0, 0, 1) r10 = (1, 0, 0,−1) r14 = (0,−1, 0, 0)
r3 = (1, 0, 0, 0) r7 = (−1, 0, 0, 1) r11 = (0, 1, 0, 0) r15 = (1,−1, 0, 0)
r4 = (1, 0,−1, 0) r8 = (0, 0, 0,−1) r12 = (0, 1, 0,−1) r16 = (1,−1,−1, 0)
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Now that we have F3,6, we would like to see which combinatorial types of generic planes in TP5 are
realized by Gr+(3, 6). Speyer and Sturmfels [SS04] are the first to describe Gr(3, 6) as the parameter
space for tropical planes in TP5 and a recipe for computing which planes in TP5 realized where in Gr(3, 6)
is given by Herrmann, Jensen, Joswig, and Sturmfels in [HJJS09]. We follow this recipe to compute which
planes in TP5 are realized by Gr+(3, 6); for each maximal cone C of F3,6, the recipe goes as follows:
(1) Choose an interior point λ of C.
(2) Compute its image Trop Φ2(λ).
(3) By Proposition 3.4, we know Trop Φ2(λ) induces a matroid subdivision of the hypersimplex
4(3, 6); Compute this subdivision using Polymake [GJ00].
(4) Compare the computed matroid subdivision with the matroid subdivisions given in [HJJS09]
used to classify combinatorial types of generic tropical planes in TP5.
Step (4) of the recipe was done by computing the face lattices of each matroid polytope for the matroids
and the dimension of the intersections in the computed subdivision. Comparing them to the face lattices
of the matroid polytopes of the matroids in the subdivisions given in [HJJS09] classifies the combinatorial
types of generic tropical planes in TP5. The graphical representation in Figure 1 of [HJJS09] shows the
neighboring properties using edges and 2-cells. The difference between EEFFa and EEFFb is as follows:
in Type EEFFa, there are two matroid polytopes that do not intersect, whereas in Type EEFFb, there
are three 2-dimensional intersections between the matroid polytopes. These computations were all made
using Sage [S+15]. As the combinatorial type of plane does not change within a maximal cone [HJJS09],
by following the recipe above for each maximal cone of F3,6, we get all planes realized by Gr
+(3, 6).
Theorem 5.1. Exactly six of the seven combinatorial types of tropical planes in TP5 are realized by
Gr+(3, 6). As named by Sturmfels and Speyer [SS04], the realizable combinatorial types are EEEG,
EEFFa, EEFFb, EEFG, EFFG, and FFFGG.
The partition into the combinatorial types is shown in Table 1.
Type EEEG: {r3, r9, r10, r12}, {r2, r6, r14, r16}, {r3, r9, r12, r13}, {r2, r6, r7, r14}
Type EEFFa: {r3, r4, r6, r15}, {r1, r3, r6, r11}, {r2, r5, r8, r12}, {r2, r5, r11, r12},
{r1, r3, r6, r15}, {r1, r5, r9, r14}, {r2, r4, r8, r12}, {r3, r4, r6, r11},
{r5, r8, r9, r14}, {r8, r9, r14, r15}, {r2, r4, r11, r12}, {r1, r9, r14, r15}
Type EEFFb: {r2, r5, r8, r14}, {r1, r3, r9, r15}, {r2, r4, r6, r11}, {r5, r8, r9, r12},
{r1, r6, r14, r15}, {r3, r4, r11, r12}
Type EEFG: {r5, r9, r12, r13}, {r3, r9, r10, r15}, {r3, r4, r10, r12}, {r3, r11, r12, r13},
{r1, r3, r9, r13}, {r6, r14, r15, r16}, {r1, r6, r7, r14}, {r2, r8, r14, r16},
{r2, r5, r7, r14}, {r8, r9, r10, r12}, {r2, r4, r6, r16}, {r2, r6, r7, r11}
Type EFFG: {r8, r9, r10, r15}, {r1, r5, r9, r13}, {r1, r5, r7, r14}, {r2, r4, r8, r16},
{r1, r3, r11, r13}, {r2, r5, r7, r11}, {r8, r14, r15, r16}, {r3, r4, r10, r15},
{r4, r6, r15, r16}, {r5, r11, r12, r13}, {r1, r6, r7, r11}, {r4, r8, r10, r12}
Type FFFGG: {r4, r8, r10, r15, r16}, {r1, r5, r7, r11, r13}
Table 1. The partition of the cone of the positive tropical Grassmannian into the cor-
responding combinatorial type of plane. In type FFFGG, the underlined rays represent
the apexes of the splitted bipyramid to get the cluster complex.
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6. Comparing Tropical Planes and Pseudotriangulations
Noting that Dr(3, 6) and Gr(3, 6) are equal as sets, Speyer and Sturmfels describe Gr(3, 6) as the
parameter space for tropical planes in TP5. Using Theorem 5.1, we can deduce how the equivalence of
tropical planes compares with equivalence of pseudotriangulations.
Theorem 6.1. The combinatorial types of tropical planes in TP5 and the combinatorial types of pseu-
dotriangulations of D4 intersect transversally as illustrated in Table 2.
Type EEFG Type EFFG
Type T1:
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Type T7:
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17
14 27
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30
Table 2. The combinatorial types of pseudotriangulations splitted into the combinato-
rial types of tropical planes.
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Interestingly, although the equivalence relations are transversal, they intersect in a way that respects
the reflection and swapping equivalence of the pseudotriangulations. Using the table, we prove the next
theorem giving a sufficient condition for two positive tropical planes to be combinatorially equivalent.
Theorem 6.2. If two pseudotriangulations of D4 are related by a sequence of reflections of the octagon
preserving the parity of the vertices (when labeled cyclically from 1 up to 8), and possibly followed by
a global exchange of central chords, then their corresponding tropical planes in TP5 are combinatorially
equivalent.
It turns out that this condition is necessary for types EEEG and FFFGG. The four other positive
types are obtained by taking unions of the classes generated by this finer equivalence on pseudotriangu-
lations.
Remark 6.3. It is possible to translate this finer equivalence of pseudotriangulations in the language of
subword complexes, see [CLS14]. It would also be interesting to know if this sufficient condition extends
to tropical planes in TP6 when looking at the cluster complex of type E6 as a subword complex.
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